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A general bifurcation analysis method for robot workspaces
G. Hentz∗1, I. Charpentier1, L. Rubbert1 and P. Renaud1
Robotic assistance may be of great interest in the medical and surgical fields for safer and more accurate procedures.
As available spaces are narrow in operating rooms and imaging facilities such as MRI scanners, roboticists study and
design non-conventional mechanisms with advantageous ratios between size and reachable positions and orientations
of their end-effector, named workspace. Issues in terms of control and/or dexterity about particular configurations
of the mechanism should also be detected and require further analysis. Workspace boundaries and control/dexterity
issues correspond to configurations with degenerate behavior called singularities, and this makes singularity analysis a
central and complex problem in robot kinematics. Several methods are reported in the literature but only a few devise
general frameworks, see [1] and the references therein. Developing a general, automated, fast and accurate method for
singularity analysis is thus of prime importance.
In robotics, the most meaningful information is the reachable workspace W = {u|∃ v such that RW(u, v) = 0}
defined by the mechanism geometry and the joint constraints, where u are the end-effector coordinates and v is a set
of generalized coordinates defining the mechanism configuration in a unique manner. Following [2,3], the workspace
boundary ∂W defined from the Jacobian RWv of RW computed with respect to v has a one less dimension than W and
verifies the under-determined boundary residual problem (see [4] for a mathematical presentation):
R∂W(u, v, ξ) =
 RW(u, v)(RWv )ᵀ(u, v).ξ
ξᵀ.ξ − 1
 = 0. (1)
The second information of interest is the localization and classification of singularities. The whole singularity set
comprises the workspace boundaries and other singularities that are solutions to a system similar to (1) in which RWv
is replaced by some other matrix. Computation of the whole singularity set is carried out in a systematic manner
using automatic differentiation and the higher-order continuation method known as Diamant [1,5]. Configurations that
are solutions to both systems have a complex degenerate kinematic behavior. A classification lying on rank deficiency
analysis of additional Jacobians [6] allows for an understanding of this behavior [8]. The method is illustrated on a
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planar double-loop benchmark mechanism [8]. Curves in the bifurcation diagram related to (1) are depicted in red
and define the boundaries. Bifurcation points indicated as circles allow for the determination of all connected curves.
Singularities (other symbols) situated at the intersection of the red and green curves are classified in order to identify
the type of control and dexterity issues occurring.
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